Midterm Exam Mathematical Physics, Prof. G. Palasantzas
e Total number of points 100

e 10 points for coming to the midterm exam
e Justify your answers for all problems

Problem 1 (20 points)

2

Iin
(a: 10 points) Calculate the limit lim a,, witha,, = (1 — ) and y a finite number
p n

n—oo

(b: 10 points) Is the series Y.,°-; a,, convergent ?

Problem 2 (20 points)

Consider a ball that drops from a height h=2 m. Consider that every time it bounces on
the ground it will lose 30 % of its energy. Calculate the total vertical distance that the
ball travels until it stops on the ground (take infinite number of bounces until it stops).

Problem 3 (20 points)

Find the interval (15 points) and the radius (5 points) of convergence of the power
4+ o0 y"

series Jn=1 1-3-5-+(2n—1)

where y is a finite number.

Problem 4 (30 points)

Forced Oscillations: consider a spring with mass m, spring con-
. .
stant &, and damping constant ¢ = 0, and let w = /k/m.
If an external force Fltf) = Fj cos wt is applied (the applied
frequency equals the natural frequency), use the method of
undetermined coefficients to show that the motion of the
mass is given by F
x(f) = oy cos wf + o 5in wi +

fsin i
2mw m

d*x dx
+ ¢ + kx = Fl(1)

The general equation of motion of the mass mis: m e 7
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Problem 2

&/c- O & evevyy loeS

C=1-G(<1)

Lin

9, e
+ L Ch + 1 chi--

D= "W +ich
Nyt N O
A =Bam P G L 3= Fswp
ug -down Up ~douav e - égt;;n
Thm') A € hwe a ]ﬂs}‘ﬂ'l)j'f:' S{‘Tif}
co " 9 (" h
D-:\’)-ri“i‘-'lh':*h*ft
i=
L 5] L] . 4 '1_‘
- h = c = =W 2.0
D h ' ‘ﬁ‘-\,rvf-:a_.! | i*\‘.’:
6ﬂﬁwt"rfllg
h SeieDd
— 14 +C
V= 1 ~-C

¥ Yow Caw o\se Cocy D = h + Llh(: -
1+ C

and Yo Newe  Ocgyas? D-—— W
1~ C




Problem 3

Simply replace below x with y and you have the solution:

i

E
Ifa, = . .
“ETEs @)

n+1 [ (

.| Gp4 . z [-3-5--(2n=1)| , || .

lim | =1 - . (=1 =0 < 1. Thus, by

noto| @y | noto|1-3-5- - @n-1)2n+1) ™ e oy )
Iﬁ

the Ratio Test. the series 3
Z 135 -(2n-1)

converges for all real x and we have R = oo and I = (00, 0).

Problem 4
I Forced Vibrations
. . . dix dx .
Seein 17.3, the equation of motion: m d}: + :_-j+ kx = F(1)
And set c=0

The auxiliary equation for the homogenous equation has two imaginary roots £j® so

the solution is: ,
X (r):clcos wttesmwt
C &

But the natural frequency of the system equals the

frequency of the external force, so try xP(I)ZI(ACOS t+Bsin wt) . Then we need
2 2 _ .
m(2w B-w  Af)cos wit-m(2w A+w Br)sin w t+kAtcos w t+kBism w t=F Lot or 2mw B=F ) and

2 2 , 2 L
-2ma A=0 (noting -mw A+k4=0 and -m«w B+kB=0 since (v =k/m ). Hence the general solution 15

x(f)=c,cos wite,sin w rﬁ—l—[FOrf,-"'(an' )]Sin wt



